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Abstract: This article presents a systematic study of critical points for the SL(8,R)-type gauging 
in four dimensional maximal gauged supergravity. We determine all the possible vacua for which 
the origin of the moduli space becomes a critical point. We formulate a new tool which enables us 
to find analytically the mass spectrum of the corresponding vacua in terms of eigenvalues of the 
embedding tensor. When the cosmological constant is nonvanishing, it turns out that many vacua 
obtained by the dyonic embedding admit a single deformation parameter of the theory, in agreement 
with the results of the recent paper by Dall'Agata, Inverso and Trigiante 0|. Nevertheless, it is 
shown that the resulting mass spectrum is independent of the deformation parameter and can be 
classified according to the unbroken gauge symmetry at the vacua, rather than the underlying 
gauging. We also show that the generic Minkowski vacua exhibit instability. 
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1. Introduction 

The maximal supergravity has played a distinguished role in the development of string/M-theory. 
Although the maximal supergravity fails to describe our realistic chiral world, lots of attentions 
have been paid to this theory mainly due to the hope of ultraviolet finiteness. Thanks to the high 
degree of supersymmetry, the particle spectrum is unified into a single supermultiplet and there is 
no freedom to couple additional matter fields. The only known deformation of maximal supergravity 
is to gauge the theory by promoting the abelian gauge fields to the nonabelian ones. The gauging 
procedure gives rise to the scalar potential, as well as the fermionic mass terms. Recently the 
gauged supergravity theories have been intensively studied in the context of flux compactifications, 
the gauge/gravity duality and also the condensed matter physics applications. 

The original N = 8 ungauged supergravity was constructed by Cremmer and Julia via a toroidal 
compactification of eleven dimensional supergravity . de Wit and Nicolai provided the first exam- 
ple of maximal gauged supergravity by gauging 28 vector fields to have an S0(8) gauge invariance, 
based on the formalism of T-tensor . This theory has a simple higher dimensional origin, since 
it is obtained by a dimensional reduction of eleven dimensional supergravity on a seven sphere |4]. 
Later on, some noncompact gaugings were found to be possible without giving rise to ghost |5]. 
Subsequently, these types of gaugings have provided a variety of nontrivial vacua. It is then im- 
portant to explore which types of gaugings are consistently realizable. However, this is not an easy 
task since viability is sensitive to the choice of (possibly non-semisimple) gauge groups and their 
embeddings [^, |^. Even if the consistent gauging is assigned, the extremalization of scalar potential 
is a formidable task in a general setting, since 70 scalar fields appear in the theory. 

Thus, the vacuum hunting so far has been mainly focused upon the truncated sectors where only 
a few invariant scalars survive. This strategy has been active during the past 25 years ^ ^, |l^, 
[ill . 111: llli llli nil- In this traditional approach we need to choose the particular gauging, compute 
the scalar potential and then scan the moduli space of critical points of the potential. Specifically, 
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de Sitter (dS) extrema have been found for SO(4,4) and SO(5,3) gaugings by confining to the 
SO(p) X SO{q) invariant scalar. At these vacua spontaneous supersymmetry breakings occur, hence 
they may be relevant for the early stages of the universe. Although this approach offers a concise way 
to find vacua, it does not reveal more than the invariant scalars of specific subgroup. For example, 
despite the fact that all singlet scalars of SU(4)~ C S0(8) invariant sector are stable, non-singlet 
scalars do indeed have instabilities [|l3|. It is therefore desirable to address the systematic survey 
of viable gaugings, scanning vacua and full stability thereof. 

We have recently witnessed two progresses in this line of research. One is the development of 
a new computational tool to find vacua Q . A dozen of new critical points have been discovered 
numerically. Remarkably it was worked out that some nonsupersymmetric vacua are perturbatively 
stable. These intensive works indicate the possibility of an abundant variety of vacua with potential 
phenomenological applications. For instance, the anti-de Sitter (AdS) vacua are expected to be dual 
to the nontrivial conformal fixed points in the dual field theory. 

Another development is the formulation based on the embedding tensor |l7[ The 
embedding tensor specifies how to embed the gauge group into the duality group. Using this 
formalism, all different gaugings can be described in a covariant manner and admissible gaugings 
can be characterized group-theoretically. 

Under these circumstances, Dall'Agata and Inverso utilized the homogeneity of the scalar coset 
space to determine the complete mass spectrum of 70 scalar fields for some gaugings |20| (see for 
an early study in half maximal supergravity) . Instead of viewing the scalar potential as nonlinear 
functions of seventy scalar fields, it may be identified as a quadratic function of the embedding 
tensor. Since the scalar coset i?7(7)/SU(8) is homogeneous, any point can be brought to the origin 
by the £^7(7) isometry, which acts also on the embedding tensor. Hence the critical point of the 
scalar potential can be mapped to the origin, at the price of varying the embedding tensor. Namely 
we can explore the possible gaugings, critical points and their mass spectrum at the origin of the 
scalar manifold, where the governing equations can be analyzed algebraically. See e.g., 
for some related works by this method. 

The aim of this paper is to deepen our understanding of vacuum structure in maximal super- 
gravity. We make a systematic study of vacua and address some issues unresolved in Q . We give 
a new tool which enables us to trace analytically the vacuum stability without resorting numerics 
or annoying diagonalization of 70 x 70 mass matrices. We conclude that apart from the Minkowski 
vacua, the mass spectrum is determined by the residual gauge symmetry, rather than the gaug- 
ing itself. In the meanwhile, the Minkowski vacua are shown to admit intricate mass spectra and 
possess instabilities in general. 

This paper is organized as follows. In the next section we succinctly describe the embedding 
tensor formalism and fix our notations. Sections |^ and ^ are devoted to the discussion of vacuum 
classifications and mass spectra. Finally, we conclude with some future prospects in section |[ 



2. Maximal gauged supergravity 

In this section we will briefly discuss the gauging of maximal supergravity and fix our notations. 
In the maximal supergravity, the scalar manifold is described by the £^7(7)/SU(8) nonlinear sigma 
model. The £'7(7) acts on the coset representative as isometrics, while acts on the gauge fields as 
global symmetries. We choose a subgroup of £^7(7) and promote it to a local symmetry. In order 
to keep the supersymmetry, this deformation gives rise to a nontrivial scalar potential, by which 70 
scalar fields may get stabilized by acquiring mass. For this purpose, the embedding tensor formalism 
is of help, since it allows one to trace all equations formally in an £7(7) covariant fashion. Refer to 
the original paper ||l9| for a more rigorous discussion. 
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2.1 Embedding tensor formalism 

Since the gauge group is a subgroup of £7(7), its generators Xm can be expressed in terms of the 
generators, ^q,, of i?7(7) as 

Xm — QM^ta , (2.1) 

where a = 1, 133 and M = 1, 56. The gaugings are encoded into the real embedding tensor 
Qm" belonging to the 56 x 133 representation of E-jijy It specifies which generators of the duality 
group to be chosen as generators of gauge group. A major advantage of adopting the embedding 
tensor is that it allows us to keep the entire formulation in a duality covariant way. In terms of Xm 
the symmetry can be made local by introducing gauge covariant derivative, 

5^ ^ D^ = d^-gA';!XM, (2.2) 

where g is the coupling constant. 

The embedding tensor must satisfy linear and quadratic constraints in order to ensure the 
consistent gaugings. The quadratic constraint equation requires that the embedding tensor should 
be invariant under the gauge group, 

Cmn"^ ■■= Ip^'^Qa/Qn'' + (i^)A'''eA/ep" = , (2.3) 



where fap'^ denotes the structure constants of £^7(7), i.e., [tcntp] — fap'^t^- Equation (2.3) implies 
the closure condition [Xm,Xn] = —Xmn^Xp of the gauge algebra. It should be stressed that 



(2.3) involves a nontrivial information upon the symmetrization in (M, N). 

In addition to the quadratic relation, the supersymmetry imposes the linear constraint upon 
the embedding tensor. The concrete form of this constraint depends on the spacetime dimen- 
sionality and supercharges. In the present case, the embedding tensor is subject to the following 
restriction ^ 

{t^)M''QN" = , {tpnM''QN^ = -\Qm" ■ (2.4) 

Here and in what follows, the indices a,/?, ... are raised and lowered by the £^7(7) Cartan-Killing 
metric 7]ap = Tr(ictt^). Although the embedding tensor a priori takes values in the tensor product 
56 X 133 = 56 + 912 + 6480, the above constraint amounts to requiring the embedding tensor 



to belonging to the 912 representation [g^ |19[- From equation {2A) one may derive X(^mnp) 



Xm[np] = Xmn'^^ — Oi namely, the gauge group must be unimodular. Each solution to the above 
set of constrains gives rise to a viable gauging. 

In the present paper, we are interested in a gauge group embedded into the standard SL(8, M) sub- 
group of i?7(7). The branching rules into SL(8,]R) representations are 

56^ 28 + 28', 133^ 63 + 70, 912 ^ 36 + 420 + 36' + 420' . (2.5) 

Since the embedding tensor lives in 912 representation, the relevant branchings are given by 





28 


28' 




63 


36 + 420 


36' + 420' 


(2.6) 


70 


420' 


420 





The representations 420 and 420' appear not only in representations arising from the adjoint 
representation 63 of SL(8,R), but also in those coming from 70. Hence, for the embeddings in 



^If one gauges the trombone symmetry, the 56 representations can be excited 
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SL(8,IR.), the embedding tensor has to belong to 36 and/or 36', on which we will concentrate in 
the rest of the paper. 

The scalar potential arises from the 0{g^) corrections of supersymmetry transformations. In 
terms of Xm, it is given by 

y=-^ {Xmn^'Xpq'M^'PM^QMrs + IXmn'^Xpq'^M'^'P) , (2.7) 
where Mmn is a real and symmetric matrix with the inverse M*^^ and defined by 

M = L-^L, Mmn = {M)mn ■ (2.8) 

Here L = L{(f>) is the coset representative in the Sp(56,M) representation. From the higher dimen- 
sional point of view, the four dimensional scalar potential encodes the internal geometry and the 
flux contributions. For generic gaugings, the potential is unbounded both below and above, and 
fails to have any extrema. 

For later convenience, let us recapitulate some coset representations. Cremmer and Julia intro- 
duced the Usp(56) representation, in which the diagonal element of £'7(7) algebra is SU(8) |^. In 
the Usp(56) representation the coset representatives take the form, 

L{(t>)M_— = exp ^ J^^i^i ^'^^^ ^ , (j)^jki = 0[yfci] = ■ni.H)t]ki , (2.9) 

where the underlined indices refer to 28 -I- 28 of SU(8), and r/ = ±1 corresponds to the chirality 
of the spinor representation of S0(8) below. Here z, j, ... are 8 and 8 of SU(8), and are raised and 
lowered via complex conjugation, as usual. The change of basis can be done via gamma matrices 
in the real Weyl spinor representation of SO (8), 

T N c Pt <^/'c-l^ ^ Q N i f^ij"'^ irijah \ (0^(^\ 



aV2 V -ir^^ 



where (Fy )"'' — (F"'')^^ =: Tf^, and there is no need to distinguish their upper and lower indices. 
In particular, we denote by V to describe the coset representative in a mixed basis, 

VM^ = iM^(5-i)p^. (2.11) 

2.2 Mass matrix 

The seventy scalars parametrize the homogeneous (and moreover symmetric) coset space -£7(7) /SU(8) . 
The homogeneity means that every point on the (Riemannian) manifold can be mapped into any 
other point via a global transformation (isometry). In other words, the manifold admits the tran- 
sitive group of motions. 

What is important here is that the scalar potential is invariant under the simultaneous trans- 
formations of the coset representative and of the embedding tensor. Indeed, the potential depends 
on a single tensorial combination L~^Q. To see this, let us define 

OM^io := (L-i)M'^e^"L-4„L . (2.12) 

This is the analogue of T-tensor in the Sp(56, M) representation. In terms of Qm", the potential (|2.7| ) 
can be expressed as 

V = ^OM'^QN^iSafl + Iflc^p) , (2.13) 
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where 



Tr{taty) = 6a0 , Tr{tatis) = T]ai3 . 



(2.14) 



In this form, one notices that the potential depends (quadraticaUy) only on Qm", as we desired 
to show. Since any point on the scalar manifold can be mapped to any other point, the optimal 
setup is to move the critical point to the origin {4>ijki = 0), where L((j)) = Isg. At the origin, the 
extremum condition amounts to the quadratic conditions on 0m"- 

To take the first variation of the potential, we first note that every variation of the coset repre- 
sentative can be written in a form of an £"7(7) transformation from the right. In the Sp(56,R) rep- 
resentation we have 



dpL — —Ltp , 



where index p refers exclusively to 70 noncompact elements of 67(7)- This implies 



dpL ^ — tpL ^ , 
Because of the relation 



dpM = -L{tp + '^tp) '^L , dpM-^ = {^L)-\tp 



the first derivative of V is obtained as 

■,2 



dpV 



9 
336 



tpM^QM^eN^iSa^p + 7f]^p) + eM°eM'^fp0''Sa^ 



(2.15) 
(2.16) 
(2.17) 

(2.18) 



At the origin, dpV — imposes a quadratic restriction upon 0m", which should be combined to 
be solved with ( ^.3| ) and (2.4). It turns out that we can scan the critical points and underlying 
gaugings at the same time, as demonstrated in |2^ . 

We can furthermore discuss the mass spectrum at the same time. By virtue of (|2.15|)-(p^, 
we can likewise obtain the second derivatives of the potential 



dadpV 



9 

336 



+ Qm^Qa/UpcV.p'S^S + {fipfa))a^Sp^) 
+ 2{tpM^fac'' + taM^fpc.'')SpyeM^''QN^^ 



(2.19) 



In order to reduce ( ^.19| ) to a more tractable form, we rely on the observation [^tajtp] G e7( 



7)' 



which suggests that there exist constants c^^^ such that [ ta^tf^] — Cafs'^'t^. Applying the Jacobi 
identity to (^ta,tp,t^), we have 



(pa) J-f 



-C/3(p' 



Using this relation, a simple computation shows that ( 2.1S| ) can be cast into 



dpd^V = (Af2 



(2.20) 



(2.21) 



where describes the mass matrix at the extrema, 



{M^)p„ ^ [(s(pS,))M'^Tr(XM ^Xj, + IXmXn) + 2(s(p)M'^Tr(s,) [X(M/XAr)]) 



-Tr([s(^,XM][s.)/XM])] 



Here we have defined 56 x 56 symmetric matrices, 

1 



(2.22) 



(2.23) 
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3. Electric gaugings 



We first discuss the case in which the gauge group is contained in the SL(8, R) electric frame. This 



is the simplest setup where the relation to the flux compactification is clear pq , 
of gaugings corresponds to the CSO(p, g,r) gaugings. 

Since the embedding tensor is described by the 36' representation of SL(8,] 



the gauge structure constants Xm of CSO(p, q, r) are given by 



, . . . , ^ , 



Xi 



ab] 



X[ab][cd] ^''^^ 





X[ab]^'''^\ef] 



where 



X[ab][cd]^''^^ - S[a^b][cSj^ 



f] 



X, 



[cd] _ A ["^fl X ''I 



|,|2^. This type 
El as 

(3.1) 
(3.2) 
(3.3) 



In this case the quadratic constraint is automatically satisfied. Thus any symmetric tensor 6ab 
defines a consistent gauging even if it is noninvertible. 



From (2^) and (3J) the potential at the extrema is given by 

1 



-,9 



(3.4) 



In our present normalization, Vc is equivalent to the cosmological constant. 
3.1 Vacua 

In the electric gauging case, the origin of the scalar coset corresponds to the critical point if the 
following relation holds prt 



(3.5) 



Note that the extremum condition is invariant under 9 -> P^^OP. Hence we can confine ourselves 
to the diagonal 9 by taking P as an orthogonal matrix. Since the 8x8 matrix 9 obeys a quadratic 
equation (3.5), its eigenvalues \i {i — 1,2) should satisfy 



xXi — V = . 



'-Tr{9) . 



(3.6) 



Let Hi rii = 
into 



denote the degeneracy of eigenvalue . Then the extremum condition translates 



{n, - 2)A, = . 



(3.7) 



Since we have 



(3.8) 



the potential vanishes for ni — 2 or n2 — 2, in which case the 9 tensor is noninvertible. One also 
finds that the potential is invariant under — > — A^ and Ai -H- A2, thereby these cases correspond 
to the same vacua. 



It is observed that equations ( p.4[ ) and (3.5) are invariant under the rescaling 9 e^O with 
g e^"g {a E K). Using this freedom, we are free to set det9 = ±1 for rii 7^ 2, whereas for ni = 2 
{n2 = 2) we can choose Ai (A2) to take any nonvanishing value. Under these conditions, it turns 
out that the extrema in the electric gaugings are exhausted by table 1 of reference . 
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3.2 Mass spectrum 

We now move on to the main part of this paper and determine analyticahy the full mass spectrum 
of 70 scalars. Let Sp = {tp + '^tp)/2 decompose into 



'p[a6] °p[abcd\ 
[abed] [cd] 

[ah] 

where 

Each of real tensors {S, U) has 35 components and satisfies 

S^^S, Tr(S') = 0, U = *U. 
Substituting (3.2) and (3.£) into ( 2.22| ), we are led to 

= Mf,^{0) + M^,)ie) , 

with 

= [_Tr(e')Tr(S'2e') - [Tt{0S)]^ + 2Tr{S^0'^) + 2Tr{SeS0)] , 



'Ur„i,Tr^j]0n 



1 



[ab][cdfacObd . 24 

Here we have introduced the abbreviation 



■ UTi-( 



(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 
(3.14) 



U ■ U — UabcdUabcd , {U'^)[ab][cd] — UabefUcdef , {U'^) ab — UacdeUbcde — -^U ■ U Sab , (3.15) 

where the final expression follows from the self-duality of U. 
We now split the matrix S into ni and n2 blocks 



An Ai2 

'^Ai2 A22 



(3.16) 



and define 



An = —Tr{An%n + Ai , A22 - -— Tr(An)I„, + A2 . 
rii n2 



(3.17) 



where Ai and A2 are trace-free parts of An and A22, respectively. 

In order to achieve the correct mass spectrum we need to canonically normalize the scalar 
kinetic function. According to (2.10), the fiuctuations of scalar fields Scpijki are given by 

2S[J^Sb]''^ + iUabcd = ^T'^b^cdS^^3kl , (3.18) 



Then the scalar kinetic term reads 
1 



= ^\dp^^,M\' = ^Tr((95)2) + ^dU ■ dU . 



It follows that 



nin2 



-{dTvAnf + Tr((aii)2) + Tr((9i2)2) + 2Tr(a%2a^i2) 



(3.19) 



(3.20) 
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With reference to (|3.13D and ( |3.16D , the mass matrix Afj^-j can be expressed in terms of fields 
(Tr(ylii), Ai, A2, A12). The canonical mass eigenvalues can be read off in such a way that each 
coefficient of these fields agrees with ( p. 20 ), thereby 



'(1) — '"0(1 



where 



and 



(3.21) 



7Vi = i(ni-l)(ni+2), iV2 = i(n2-l)(n2 + 2), (3.22) 



o2 

™o(i,i) = |7[2"2(2 - ni)\l + 2ni(2 - n2)A^ - (m - n2)^AiA2] , (3.23a) 



64' 
2 



'^i(Ni,i) = Y^i[(4 - ni)Xi - 712A2] , (3.23b) 
'^2(i,N2) = -^^2[(4 - n2)A2 - niA2] , (3.23c) 



2 _ r 



(Ai + A2)[(2 - ni)Xi + (2 - n2)A2] = . (3.23d) 



At the last equality we have used the stationary point condition (3/7). It follows that the A12 field 
is always massless. Boldface letters in the subscript denote the representations of SO(ni) x 80(^2). 
This notation manifests multiplicities explicitly, i.e., w^j,^ j,^) represents the mass spectrum for fields 
with fci/c2 degeneracies. Note that fluctuations of Tr(v4ii) and A12 exist for 7ii?i2 > 0, while Ai 
{A2) exists for ni > 1 (712 > 1). 

When ni ^ 2,6, the cosmological constant is nonvanishing. So we can normalize the mass 
spectra in a unit of the cosmological constant (3^) and obtain a more comprehensive form 

"^0(1,1) = ~2Vc , "i^N^ = , ™2(i,N2) = ■ (3.24) 

Whereas, for ni = 2 we have 

"^0(1,1) ~ ™2(i,20) = ^'^*(2,6) = 0' ™i(2a) = '^9^^i ■ (3.25) 

The rii = 6 case can be deduced similarly. 

Let us turn to determine the mass spectrum of pseudoscalars U. We decompose the eight 
indices into ni and n2 blocks, 

5*1 = {1, , 52 = {ni + 1, ...,ni + 7^2} . (3.26) 

Let £ be a non- negative integer taking values in the range < £ < 4, < A — i < n2- Then the 
basis of antisymmetric four- form is labeled by pairs /i, /2, where Ii {I2) is a set of £ (4 — t) indices 
belonging to {82)- For any four-form Zabcd, we find 

O^'laO'bZ.airs = ^ W - 1)A? + 2^(4 - £)AiA2 + (4 - ^)(3 - e)Xl] Zabcd , (3.27) 
from which we are led to 

(1 + *)0^[a(^''bUcd]rs — "^IJ-lUabcd , (3.28) 
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where 

fie =^ [e{i - 1)A? + 2i{4 - i)Xi\2 + (4 - - £)\l + (ni - e){ni - £ - 1)A? 

+2(ni - £)(4 - m + ^)AiA2 + (4 - 711 + £){3 - + £)Xl] . (3.29) 

Then the fluctuation mode of U is labeled by a non-negative integer £ satisfying 

ni < 2£ < min(2ni,8) . (3.30) 

Since the kinetic term of U is given by {l/12)dUabcddUabcd, the normalized mass eigenvalue toj^j 
reads 

Ml^^^mf,f-U, (3.31) 

where 

[{m - f (^ - 1) - (m - ^)(ni - ^ - 1)}A? - 2{^(4 - £) + (m - £)(4 + £ - ni)}AiA2 

+{n2 - (4 - ^)(3 ~£)^{4 + £- ni)(3 + ^ - ni)}A^] , (3.32) 

with multiplicities 

2£ > ni : mCe ^ 8-niC4-e , 2£ = ni : -,iiC'„j/2 8-riiC'4-ni/2 ■ (3.33) 



For ni 7^ 2,6, equation (3.32) simplifies in a unit of the cosmological constant to 



2 _ 2[2£^ - 2ni£+{ni - 2f 



"^M = ^ ^ ^ ^c ■ (3.34) 

^ J — 6)(ni — 2) 

For ni = 2 i.e., A2 = 0, we have 

2 _ 1 -'^2x2 2 _ 2 _ r\ In qcN 

"^[fcl](x20) — '^(2,20)+ ^ ^ ' "^[<?=2](xl5) " "^(1,15) ~ ^ ' \6.6^) 

where we have denoted multiplicities and representations in the subscript, and "+" stands for the 
self-duality. As argued in the next subsection, these massless modes have nothing to do with the 
Nambu-Goldstone bosons. 

We are now in a position to discuss critical points and mass spectra in the electric gauging. 



Our classification exhaustively recovers the list of critical points found by Dall'Agata-Inverso |20 



which we summarize in table 3.2. Our analytic expressions of mass spectra are in perfect agreement 
with the reference [ pO| , in which mass eigenvalues may have been obtained by diagonalization of 
70 X 70 mass matrix. In our method it is obvious which parts of (\)ij-ki belong to scalars [S field) 
and pseudoscalars {\J field). Moreover, our formulation makes it clear that the mass spectrum is 
simply specified group-theoretically by multiplicities. In particular, it immediately turns out that 
the dS vacua necessarily have unstable mode of ttiq — ~2Vc, arising from the trace part of ni-block 



[see ( |3.24D ]. For SO(5,3) and SO(4,4) gaugings , this mode corresponds to the S0(5) x S0(3) and 
S0(4) X S0(4) invariant scalar, respectively 0, |l2|. 

With the exception of Minkowski vacua, we have normalized the mass eigenvalues by the cosmo- 
logical constant. This normalization is intuitively clear since it measures the curvature of potential. 
Then, inspection of ( 3.24| ) and (3.34) reveals that the mass spectrum is determined only by the 



remaining gauge symmetry at the vacua (i.e., rii only), rather than the gauging (actual value of A). 
This statement will become more persuasive when we look into the dyonic case in the subsequent 
section, where several vacua of different gaugings can have the same mass spectra. 
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Gauging 


Greg 


A 


m| 


mfj 


SUSY 


SO(4,4) 


S0(4) X S0(4) 


dS 


^2{xi), 2{xig), 0(xi6) 


2(xl8)) l{xl6)i ~2(xl) 


none 


SO(5,3) 


S0(5) X S0(3) 


dS 


^2{xl), 3(xl4)' 4{X5), 0{xl5) 


9 2 
^(x30), 3(x5) 


none 


SO(8) 


SO(7) 


AdS 


2(xl), -|(x27)' 0(X7) 


2 

5 (x35) 


none 


SO(8) 


SO(8) 


AdS 


2 

3(x35) 


2 

3(x35) 


N = 8 


CSO(2,0,6) 


SO(2) 


Mink. 


0(x33), 2(x2) 


0(X15), 2(x20) 


none 



Table 1: Mass spectrum for electric gaugings. For the (A)dS vacua, we normalized by the absolute value 
of the cosmological constant. For the CSO(2,0, 6) gauging, we take a normalization g\i = 2y/2. 



3.3 Spontaneous symmetry breaking 

As we have seen above, some scalar fields turn out to be massless. In this section we discuss the 
Higgs mechanism for the SL(8,R) electric vacua in order to identify Nambu-Goldstone directions. 



Taking the mixed coset representative ( 2.11 ), we define 



Q.Mij''^ ~ '^^^^y Nij^Mp'^yQ^^ 7 T-'Mijkl — NijX m p'^Vqm , (3.36) 

where O^^^ = ( ^ !! ) is the standard metric of Sp(56,M). These tensors satisfy 



'T-j ijkl V ijklrnnpqyr) ^[^/O ^1 * * * n 

(3.37) 



In terms of the T-tensor^ 



IW- \{y'^)KL'{y'^)K^P-^MN'' , (3.38) 



Vm and Qm are expressed as 

T,/'^" = ^iri^^^QA/fe'VAr'J" , Tfez^^/J" = iiri^^^T'MfcimnVjv'^' • (3.39) 

These components of the T-tcnsor arc related to the SU(8) connections and tensors, as shown below. 
Let us introduce the SU(8) covariant derivative by 

'D^.VM'' = d^^M'' - Q^.u'Vm"' - gA^PXpM^'VN'^ , (3.40) 
where is an SU(8) connection, satisfying 

Q,„/'' =<^[J'Q^,]'l, Q^^'^~Q^^^, Q^.^^0. (3.41) 
The SU(8) covariant derivative is subjected to the restriction Q^^^V MijT>f^V n'^^ = 0, giving 

Q^.^ = lii^^A.kd^V^'" - V^,fc9^VA^^-) - gA^'' Qau' ■ (3.42) 
Similarly, we can define an SU(8) covariant tensor 

V,..jki = ii}''^VAnjV^VNki , 7'^'^'=' = ^e'^'="""P«7'^™„p, , (3.43) 

•^Note that the prefactor 1/2 in ( |3.39| ) is necessary to derive ( |j.39| ). The original paper jis] ] seems to have a typo. 
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which specifies the scalar kinetic term (3.19). Then it can be shown that 

V^.jki = K^Mjd^V^ki - V^.,a^VAfeO - gAf.'-'VAu.ki ■ (3.44) 

Let us now take a base point O in the moduli space of scalar manifold and employ the following 
coset representative 

V = V(0) exp Q ^ j , <^ = {cf>,,ki) , - *0 = r?(0^^"'=') . (3.45) 

In this gauge, we obtain 

Q^,J = -gAf^^'QAu' , V^.^Jkl - 9p0yfe/ - .g^M^^'^Afi^fc; • (3.46) 
Under the gauge transformation, V changes as 

SV = -gA'^'XuV = -2igA'^'VVM-TN , (3.47) 

which implies 

S^^Jkl - -gA^VAHjkl , (3.48) 

By the i?7(7) isometry, let O move to the extremum of the potential. It then follows that the broken 
gauge symmetry is described by the condition A^'^VMijki 0. We find that the corresponding 
S(l>ijki are the Nambu-Goldstone bosons, which are responsible for the vector fields to acquire mass. 

Let us compute the mass matrix for the Nambu-Goldstone directions. We first note that Vm 
and Qm take the following forms at the origin, 

^[abjijfc/ = Yg'^^*-''*''''''^!"^^]'^ ' Q[ab]i' = ^^c[a(rb]c)*-' , (3.49) 

where (r'-''^')^^ — racr^b ■ Converting back to the Sp(56,R) representation via ( |3.18 ), the scalar 
fluctuation (3.4S) can be expressed as 

25[„[^<5b]''l + iUabcd - ^TZrfM^m (X TZT'!li{r^'%[e0f]pA^'^^ « {A9 - eA)^^[J^\] , (3.50) 
where we have used 

^ab^cd{^ijkl)pq = 128(5p[o(5fc] [^(5^], + 5g[aSb][cSd]p) + '^'25a[cSd]bSpq ■ (3.51) 

Therefore, the Nambu-Goldstone bosons are encoded only into the S field of the form, 

S (xAe-OA, A = -^A , U = 0. (3.52) 



Dividing A into ni and n2 blocks 



one can derive 



V^A 



12 •^n2 



and 

1 

'(1) " 



Mfi) = - o3'(^i - ^2)'(Ai + A2)[(ni - 2)Ai + (na - 2)A2]Tr(^Ai2Ai2) = , (3.55) 



where we inserted the extremum condition (|3.7| ) at the last equality. Therefore, we conclude that 
Ai2 field corresponds to the Nambu-Goldstone bosons of the broken noncompact gauge symmetries. 
They would be absorbed as the longitudinal modes of gauge fields to getting massive. 
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4. Dyonic gaugings 

We move on to the case where additional 36 charges are turned on, 



(4.1) 



where 9 and ^ are (possibly noninvertible) symmetric tensors. Since both electric and magnetic 
charges are introduced, we shall refer to it as dyonic. The gauge generators are now given by 



ab] 



^lab] [cd] 





Wf] 





[ab] [ef] 



-^[ab] 



f xi^>'\,,]i^n 



(4.2) 



where 



Xlabllcd]^"^^ = S[J''()b][cSd]-^^ , 



The value of the potential at the origin gives the cosmological constant. 



r,2 r 



Vr. = 



8 



(4.3) 



(4.4) 



4.1 Vacua 

The extremum condition boils down to pO| 

2(6|2 - i^) - [eTrO ~ ^TrC) = 2al8 , 
where a is an arbitrary real constant. The solution for the quadratic constraint is given by 



i = cQ-^ (c e 



or ^0 = 0. 



(4.5) 



(4.6) 



These cases will be discussed separately in the following. 



(I) 6* cx ^ ^. We start with the discussion for the case in which both and ^ are invertible. Letting 



X -Tr(0) , 



y:=-Tr(0-i), 



the stationary point condition (4.5) can be equivalently written as 

- xO^ - aO^ + c^y6 - cH^ ^ . 



(4.7) 



(4.8) 



Since equation (4.8) is invariant under the similarity transformation 9 — > P9P^\ we can restrict 
to diagonal 9. Moreover equations (4.4) and (4.E) are invariant under the rescaling 9 e°'9 with 
c — >■ e^°'c,g — >■ e~°'g (a G K). Noticing that the embedding tensor arises together with the coupling 
constant, we can achieve c = 1 without loss of generality. 

Since 9 obeys a quartic polynomial, it has four eigenvalues \i {i = 1,...,4) with degeneracy 
n,{> 0), 



9 = Ail„, ® A2l„2 ® A3l„3 © Xiln^ , ^ = 8 . 



(4.9) 



From ( |4.8| ) one can easily derive 

x = ^K, y = - 



i<j<k 



(4.10) 
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Hence A^'s satisfying the following relation correspond to the critical point, 
^(n,-2)A, = 0, ^!^=0, l[^= I 



(4.11) 



Substitution of (4.11) into (4.4) yields 



^= = f^EK"2)(A? + Ar2). (4.12) 

i 

Therefore neither the ordering of Xi nor the overall sign flip A^ — > — Ai affect the scalar potential. 



We are now going to classify all critical points satisfying (4.11). Letting us denote pi :— n,j — 2, 
^iPi = Sind —2 < Pi < 6 must be satisfied. Hence there are 15 possible combinations of {pi}, 
which can be categorized into the following 3 groups, 



(i) 
(ii) 
(iii) 



{(4, -2, -2,0), (3, -2, -1,0), (2, -2, 0,0), (2, -1,-1,0), (1,1, -2,0), (1,-1, 0,0), (0,0, 0,0)}, 
{(2, -2, 1,-1), (1,-1, 1,-1), (2, -2,2, -2)}, 

{(6, -2, -2, -2), (5, -1,-2, -2), (3, 1,-2, -2), (4, -2,-1,-1), (3, -1,-1,-1)}. 



Since the ordering of pi's is irrelevant, we can take (i) p4 = 0, (ii) pi = —p2 with p^ = —p4 and 
(iii) p3 = P4, respectively without losing generality. In the following, we shall discuss separately 
these cases. 



(i) Pi — 0. Equation ( 4.11 ) implies that all cases belonging to this family can be identified as 
degenerate cases oi pi — {i — 1, ...,4:). Hence the 6 tensor can be written as 



rh ®sl2®th® { — 

rst 



dete = 1 , 



(4.13) 



where r, s and t are real parameters. We find that the cosmological constant (4.12) vanishes and 



one of the eigenvalues must have opposite sign from others, since the overall sign flip has no effect. 
Hence these vacua correspond to the SO(6,2) gauging, which spontaneously breaks down to a 
compact group S0(2) x S0(2) x S0(2) x S0(2) at the vacua. The residual gauge symmetry would 
be enhanced to S0(4) x S0(2) x S0(2) for s = r and to S0(6) x S0(2) for r = s i. 

As we have seen, these vacua are parametrized by 3 continuous parameters. It is noted that 
the determinant remains invariant det6' = det^ under the SL(8,M) transformation e ^ e = '^UeU 
{detU = 1). If det^ ~ ±1 had not been satisfied, it would correspond to the deformation of the 
theory. This is not the case now, since det^ = 1 is always satisfied. This is consistent with the fact 
that the moduli mass matrix vanishes exactly in the directions corresponding to the variation of 
these parameters, as we will see later. 

(ii) pi = ~p2 and ps = ~P4{Pi ^ 0). In this case, (ni, n2, na, 714) = (4,0,3, 1), (3, 1,3, 1), (4,0,4,0) 



are relevant. Inserting A4 = — l/(AiA2A3) into the first two equations of (4.11), we get two quadratic 
equations for A3, 



P3A1A2A3 +piAiA2(Ai - A2)A3 +P3 = , 
These equations imply [(AiA2)'^ + l](Ai — A2) 



P3A1A2A2 +pi(Ar' - A^i)A3 +P3 = 0. (4.14) 
= 0, giving A2 



Ai, ±iAi. In the A2 = Ai case, 
equation ([4.14D implies that Ai cannot be all real, so that only the (711,7x2,7x3,7x4) = (4,0,4,0) case 



is possible. The A2 = ±i/Ai case amounts to the permutations of eigenvalues for the A2 = Ai case. 
Hence, the (4, 0, 3, 1), (3, 1, 3, 1) types have no fixed points and this class of solution corresponds to 
the SO (4, 4) dS vacua, 

61 = AI4 © (-A)l4 , F ^ (A^ + A-2) ^ det6' = A^ > , A e M . (4.15) 
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At the vacua, the noncompact gauge symmetry is spontaneously broken to SO (4) x SO (4). 

Up to this point, we are left with a single parameter A. UsuaUy we set det6' — ±1, giving 
A = 1 and V — 12. Previous studies which did not employ the embedding tensor formalism 
have imposed this relation, so any particular attention has been paid to this freedom. However, 
it appears that this remaining freedom implies that we have a one-parameter family of SO (4, 4) 
deformed theories. This is in sharp contrast with the case (i), for which detO = 1 is always fulfilled. 
Now deiO = ±1 is not satisfied, hence it cannot be transformed by the SL(8, M) action to deiO — ±1, 
implying the deformation of the theory. 

Although it is important to show which parameter region corresponds to the equivalent theories, 
this issue is in general difficult and beyond the scope of the present article."^ Hence, we will 
simply specify the allowed range of deformation parameter. However, as far as the stability issue is 
concerned, the mass spectrum is nevertheless insensitive to the deformation parameter as we will 
prove in the next subsection. 

(iii) P3 = Pi{^ 0). We next discuss the = case, viz, (ni, n2, na, 7X4) = (8,0,0,0), (7,1,0,0), 
(5,3,0,0), (6,0,1,1) and (5,1,1,1). Inserting A4 = — l/(AiA2A3) into the first two equations of 
( [4.IID , we get two quadratic equations for A3, 



P3A1A2A5 + AiA2(piAi +p2A2)A3 -p3 =0, P3A1A2A5 - + — j A3 -J33 = 0, (4.16) 

Compatibility of these equations translates into a cubic equation for A2, 

P2XIXI + Pi\l\l + P1A2 + P2A1 = . (4.17) 
The solution of the above equation can be most conveniently parametrized as 



PlS''+p2 Ai 



where 0, ±\/— P2/P1, P1/P2) is a real parameter (it leads to the contradiction if s is 



complex). In this case, the cosmological constant (4.12) reduces to 

9^PlP2{Pl +P2)(l + 5^) ^ 
16s(pis2 +P2)(P2S^ +Pl) 

We now take a closer look at each vacuum. 



^r^ii^r.: (4-19) 



(8,0,0,0): The 9 tensor and the potential are given by 

A G K is a deformation parameter. If we require detO = 1, we have A = 1 as usual. This is the 
well-known maximally supersymmetric AdS vacua at which all (pseudo)scalars vanish. 

(7,1,0,0): The 9 tensor and the potential are given by 



5gHl + -s'r , + ,,,,, 

^~ 4s(-5 + s2)(-l + 5s2) ' (-l + 5s2)3 • ^^■^'> 



''Recently it has been conjectured that the different theories may be distinguished according to the eigenvalues of 
tensor classifier constructed from a quartic invariant of £7(7), in analogy with the black hole geometry 
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s is a deformation parameter. When < s < l/-\/5, < s, we have det^ > 0, producing AdS 
critical points of the S0(8) gauging. Whereas, the parameter region —V5 < s < — 1/-\/5 (det6' < 0) 
provides AdS critical points of the S0(7, 1) gauging. If we require det^ = ±1, the former case gives 
Vc = — 25-\/55^/32 with ,s = \/5 ± 2, and the latter case gives Vc = —5g^/8 with s = —1. At these 
vacua, the gauge symmetries are spontaneously broken to S0(7). 

(5,3,0,0): The 9 tensor and the potential are given by 



A " V 3s2 + l ' 

V^^-fiLtpL-, det.,^'y + f)<0. (4.22) 

4s(3 + s2)(l + 3.s2) ' l + 3.s2 ^ ^ 

s{< 0) is a deformation parameter. This case yields the dS vacua of the S0(5, 3) gauging with a 
residual gauge symmetry S0(5) x S0(3). Assuming detO = —1, we have Vc = 5g^/8 with s = —1. 

(6,0,1,1): We have 



+ \' 2s2 - 1 ' * ^s{2s^ - l)(s2 - 2) 

^ = - 4.(2.2 -1)(.2- 2) ' ^^^^-- (-1 + 2.2)3 - (4-23) 

where s is a deformation parameter, cr = — 1 for < s < 1/a/2 and cr = 1 otherwise. For — -\/2 < 
s < — (l/-\/2), we have det^ > 0, whereby AdS vacua of the S0(8) gauging are realized. For s > 
and < s < l/\/2, we have det^ < 0, corresponding to the AdS vacua of the S0(7, 1) gauging. 
In both cases the remaining gauge symmetry is S0(6). If we suppose det^ = ±1, det0 = 1 gives 

Ve = -2,92 at .s = -1, while dete = -1 gives Vc 0.6896.g2 at s = [(7 + 3\/3± ^72 + 42V3)/2]i/2_ 

The last vacua seem new ones in the undeformed S0(7, 1) gauged supergravity. 

(5,1,1,1): We have 



s 



6 =Al5 © - ® A+Ii ® A_Ii , A = -1/ -i—z — , A± = ±0- 



s(s2-3) s(\/3s T 4) + \/3 



A^' ^" V3s2-l' - ^s{s^ _ 3)(352 _ 1) ' 

y- 3,2(1 + ,^)3 a2(-3 + .2)2 

^~ 8s(3s2-l)(s2-3)' (l-3s2)2 ^4.24) 

5(7^ 0, ±l/-\/3, ±\/3) is a deformation parameter, u = —1 for < s < l/\/3 and cr = 1 otherwise. 
This gives AdS critical points of the S0(7, 1) gauging. When deiO = — 1 we have Vc = — 3(?2/4 at 
s = — 1, 2 ± \/3. However it turns out that these cases simply relabel the eigenvalues hence give the 
equivalent vacua. 



(II) OS, = 0. We shall next discuss the = case, in which 9 and ^ can be taken to be 

9 = 9®Ons+n,, S = Qn,+n^®L ^ = 8 , (4.25) 

i 

where 9 and ^ are (ni + 712) x (ni + 712) and (713 + 77.4) x (773 + 774) matrices, respectively. These 
tensors give decoupled quadratic equations, 

2^2 _ ^Tr(^) = 2aI„,+„, , -2^2 + |Tr(0 = 2aI„,+„, , (4.26) 
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where a is a constant. So they can be simultaneously taken to be diagonal forms, 



Allni 



A2I. 



The critical point condition ( 4.26| ) reduces to 
2 4 

i—l i— 3 

Using this condition, the potential is now given by 



Ai A2 — —K3K4 . 



" 32 



(4.27) 



(4.28) 



(4.29) 



Since (4.26) is invariant under 9 — e^O, ^ — e"^ with a — )■ e^"a (a € M), only one of the eigenvalues 
can take any value we wish, since 6 and ^ cannot be rescaled independently. Note also the invariance 
under 6 -> ~9 and ^ — > — ^, and o ^. We will below examine the vacuum structure and the mass 
spectrum depending on if — 2 is zero or not. 



(i) — 2. In this case we can infer that the potential vanishes and the Minkowski vacua are 
realized. Taking the rescaling freedom into account, two kinds of gaugings are possible. 

(a) One is the S0(4) x SO(2,2) k T^^ gauging, for which 

/sh \ /O4 \ 

e = {l/s)h ] , C = th \ , (4.30) 

V oj V -{i/t)hJ 

where s and t are real parameters. At the vacua the gauge symmetry is broken to SO (2) x 
S0(2) X S0(2) X S0(2). 

(6) The other is the SO (2) x SO (2) k T^o gauging, for which 




(4.31) 



where s is a real parameter. The residual gauge symmetry is S0(2) x S0(2). 



(ii) Hi ^ 2. Assuming ti^ 7^ 2, we can obtain 



X I^l^X . K-2)(n4-2) ^ n3-2 

A2 = '^3 = \--. ^77 7^M, K4 = rK3- 4.32 

n2 - 2 y (n2 - 2)(ri,3 - 2) 714 - 2 

The possible values of ni{^ 2) and the corresponding gaugings are given by 

(7,0,1,0) : S0(7) K T^ (4.33a) 

(6,1,0,1) : S0(7) K T^ (4.33b) 

(6,0,1,1) : S0(6) X S0(1,1) K Ti2, (4.33c) 

(5,1,1,1) : S0(6) X S0(1,1) K Ti2. (4.33d) 
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Otherwise, eigenvalues will be imaginary. The potential now reads 



14 = 



16(^2 - 2) 



(ni + 722 - 4)A' 



(4.34) 



One can easily verify that all vacua falling into this family correspond to AdS. Eliminating Ai by 
the rescaling freedom, no tunable parameters are left and we arrive at the following exhaustive list. 



(7,0,1,0): We have S0(7) ix gauging with 

6' = l7®0, C^Oy® iVd) , 
The gauge symmetry is broken to S0(7). 
(6,1,0,1): We have S0(7) k gauging with 

6' = l6®4®0, ^ = 07®(-2V2), 
The gauge symmetry is broken to S0(6). 
(6,0,1,1): We have S0(6) x S0(1, 1) x T^^ gauging with 

= le ® O2 , e = ® (\/2) ® (-V2) , 
The gauge symmetry is broken to S0(6). 
(5,1,1,1): We have S0(6) x S0(1, 1) x T^^ gauging with 

6' = l5® (3)®02, e = Oe ® (V3) ® (-\/3) 
The gauge symmetry is broken to S0(5). 
4.2 Mass spectrum 



15 2 

Vc = Q ■ 



(4.35) 



Vc 



'4^ 



(4.36) 



Vc 



(4.37) 



Vc. = —. 



(4.38) 



Inserting (3.9) and (4.2) into (2.22), we can show after a rather lengthy but straightforward com- 
putation that the mass spectra for S and U are the simple sum of 6 and ^ terms. 



M(l) = M(,^ (9) + Af(^i) (0 , M(,^ = M(^2) (9) + M(,^ (0 



(4.39) 



where M(^i){9) is given by ( [3.13| ) and ( [3.14 ). When 9 has a structure of ni and n2 blocks only (i.e., 
n-s = ^4 = 0), it turns out that equations (3.24) and (3.34) continue to hold in the dyonic case 
because M^^^ and Vc enjoy the property that and ^ terms are decoupled, so that they sum up to 
give the same contributions. 

We give general formulas applying to all dyonic cases. Following the same argument in the 
preceding section, we decompose and ^ into 711+712+^3 + 714 blocks. 



AoL 



A.E 



A4ln4 / 



(4.40) 
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and correspondingly 



S 



/All Ai2 Ai3 \ 

A-21 A22 ^23 ^24 

^31 ^32 ^33 ^34 

V Ail Ai2 ^43 ^44 J 



where Aij is an x Uj matrix satisfying 



Ajj — A-i 



0. 



Denoting An ~ Ai + {l/ni)Tr{Au), the mass matrix for S is given by 

^^fi) = E M?,Tr(A,OTr(%) + J] m^Tr{A^) + 2 ^ m^^.Trf A,,) . 



with 



2 



rrii 



8 
8 



* I k k 

-i(Aj + Aj) ^nfeA/c + (Ai + Aj)^ - ^(kj + k^) ^n^Kfe + (k^ + Kj)^ 



(4.41) 

(4.42) 
(4.43) 

(4.44a) 
(4.44b) 
0. (4.44c) 



In the last step, we have used the critical point conditions ( 4.11 ) and ( 4.2j ). Hence Aij {i < j) field 



is always massless. Repeating the parallel argument in section 3.3, we can find that this direction 
corresponds to the Nambu-Goldstone bosons. 

In order to achieve the canonical normalization of S*, we have to eliminate Tr(yl44) by the 
condition Tr(5') = 0. After some simple algebra, we obtain the diagonal form. 



i(9Tr(5))2 = i 



^(5Tr(iO)' + 2 Tr(9A,,a^Ay) + ^(9a.) 



i—l i<j 

where a^'s are canonically normalized scalars and defined by 



1=1 



ai 



a2 := 



03 



ni + 712 + ns + m 
Til (712 + 713 + 714) 

Tr(A22) 



Tr(An), 



7^2 + 713 + 714 
712(713 + 7I4) 



772 



7*2 + 7I3 + 7I4 



Tr(Aii) 



773 + 774 
7I37I4 



Tr(A33) 



713 



7*3 + 7t4 



(Tr(Aii) + Tr(A22)) 



(4.45) 

(4.46a) 
(4.46b) 
(4.46c) 



Note that should be absent when 714 = 0. Since the mass term for TT{Af) and do not have 
illuminating expressions in general if we eliminate Tr(^44), we examine these terms for each case. 



As it turns out, however, we see that the above choice ( |4.46| ) always leads to the diagonal mass 
matrix for the trace part. 

Next, we shall determine the eigenvalue of U. To this end, we classify the basis of self-dual 
4- form U in terms of the degeneracy of eigenvalues (Ai, Ki). Let us define 



(^1,...,^™), <77,, = 4 777 < 4, 



(4.47) 
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where ii^s are nonnegative integers. The multipHcities belonging to the same £ are given by 



ijC^i X • • • X „^C£„ : £i>ni/2 or = ni/2, £2 > "-2/2 or,..., 

£1 = ni/2, £2 = n2/2, 4« > rim/2 . (4.48a) 



iiC'ni/2 X ■ • • X n™C'n„/2 : £t^nj2 (i = l,...,TO) 



We can easily verify 



(1 + 'k){e''^J% + K''[aK''b)Ucd]rs = '^tJ'pabcd , 



(4.48b) 



(4.49) 



where 



24 



Hence we obtain the mass eigenvalues 



(4.50) 



(4.51) 



with 



2 9 
"^M = 32 



(4.52) 



which is specified by nonnegative integers £i satisfying 

rn 

Q<£^<^M, X^»=4. 



(4.53) 



Since the kinetic term for scalars is given by (3.19), m^-. denotes the canonical mass eigenvalues. 
We are now armed with necessary tools to demonstrate mass spectra in the dyonic case. 

(I) cx . Let us begin with the 9 cx case. 

(i) rii — 2. This case corresponds to the Minkowski vacua of S0(6, 2) gauging, which spontaneously 



breaks down to S0(2) x S0(2) x S0(2) x S0(2). Taking the 9 tensor as (4.13), equations (4.43) 



and (4.46) yield 



'(1,1,1)(X3) 



*(X8) 16^.252^2 



= 0, ™'(x24)=0 : (2,2,1,1) + ••• , 

Ast{r - s){r - t){l + r"^ st) , 
Art{s ~ r){s - t){l + rs'^t) , 
Ars{r - t){s - t){l + rst^) , 
4(1 + r'^st){l + rs'^t){l + rst^) , 



9 



(2,1,1,1) 
(1,2,1,1) 
(1,1,2,1) ■ 
(1,1,1,2) 



(4.54) 



- 19 - 



From (4.52), the mass eigenvalues for pseudoscalars are given by 



"^(l,l,l,l)(x3) — 



[^1 mr^sH'^ 



X < 



: [2,2,0,0] + [2,0,2,0] 
i2(r^s)2(l + r2s2)^ 

r2(s - tf{l + s^t^) , 
(1 + s^t^){l + sr'^tf , 
{1 + s^r'^){l + srt^f , 
[l + rH'^){l s^rtf , 



[2,0,0,2], 

(2,2,1,1 



[l,l,2,0](x4) 

(2,1,2,1) = [l,2,l,0](x4) 

(1.2.2.1) = [2,l,l,0](x4) 

(2.1.1.2) = [l,2,0,l](x4) 
(1,1,2,2) = [2,0,l,l](x4) 
(1,2,1,2) - [2,l,0,l](x4) 
(2,2,2,2)+ = [l,l,l,l](x8) 



(4.55) 



It is emphasized that mass eigenvalues for the pseudoscalars are always nonnegative, whereas those 
for scalars are not. This implies that vacua of generic S0(6, 2) gauging are unstable [^. In the spe- 
cial case where (r, s, t) are pairwise equal, all mass eigenvalues become nonnegative, corresponding 
to the stable Minkowski vacua found in EOt] . 



(ii) P3 = —pi{^ 0). This case corresponds to the SO(4,4) dS vacua. From ( 3.23 ) and ( 3.32 ), we 
obtain 



'■0(1,1) 



[£=2](xl8) 



(6,6)^ 



''1(9,1) 



m: 
m 



2(1,9) 
2 

=3](xl6) 



2K, 



'(4,4) 



*(4,4) 



0, 



[fc4](xl) 



'(1,1) 



-214. (4.56) 



The tachyonic modes emerge from the SO (4) x SO (4) invariant sector. These spectra agree with 
the electric case. 



(iii) p3 — —pi{^ 0). In this case the cosmological constant is nonvanishing. Using the expres- 



sion ( 4.19 ), the mass term ( 4.43 ) for S considerably simplifies to 



^A^?,Tr(A,,)Tr(%) = -2K 



(4.57) 



where canonical scalars at were defined in ( [4.4(]| ). As we already explained, Aij (i < j) do not 
contribute to the mass term. In the case of dS vacua {Vc > 0), the scalars Ui are always tachyonic. 
The above equation exhibits that the mass spectrum is determined only by rii, which controls the 
residual gauge symmetry. It also illustrates that the mass spectrum is completely independent of 
the deformation parameter s when normalized by the cosmological constant. In other words the 
"slow-roll matrix" 77 — dpdcV/V does not depend on s, albeit the change of the value of potential. 
We can also find that the mass spectrum for U shares this property. 



(8,0,0,0): This case corresponds to the maximally supersymmetric AdS vacua of the S0(8) gauging. 
The 9 tensor and the potential are given by ( pO| ). The formulas ( p^ and ( p32| ) yield 



"^1(35) = -31^=1 



'■[fc4](35) 



Since all of these mass eigenvalues are above the Brcitcnlohner-Freedman bound 
is stable as expected from supersymmetry. 



(4.58) 
I, the vacuum 



(7,1,0,0): This gives AdS vacua of S0(8) and S0(7, 1) gaugings with an S0(7) residual gauge 



symmetry. The 9 tensor and the potential are given by (4.21). From (3.23) and (3.32), the mass 
spectrum now reads 



^0(1) = 2|V;| 



'1(27; 



"^[^=4](35) — - glKl 



(4.59) 



- 20 - 



"^♦(T) ~ correspond to the Nambu-Goldstone fields. 

(5,3,0,0): This case corresponds to the S0(5, 3) gauging dS vacua with a residual gauge symmetry 
S0(5) X S0(3). The 9 tensor and the potential are given by ( |4.22| ). Equations ( |3.23D and ( |3.32| ) 
yield 

"^0(1,1) ^ "^Vc , ™1(14,1) ^ , "^2(1,5) = , 

2 2 2 2 2 

"^[fcSKxSO) ^ "*(10,3) = 2Vc , '71[^^4](x5) = "1(5 = --Vc . (4.60) 

m^^g 3) = correspond to the Nambu-Goldstone fields. 

Let us compare this with the result in |ll|, where the S0(5) invariant scalars were analyzed. 
The corresponding potential was shown to be 

9^ f u^v^ IQuv „ c, ,. 15 \ 
V — '— [ — 5 — I 2uvw + two cyclic perm. , (4.61) 

8 \ w-^ w uvw J 

where u, v and w are SO (5) invariant (unnormalized) scalars. The dS vacuum Vc — 2 x S^^^g^ 
exists at u = w = w = 3^^/* (observe that the normalization of g is different from the present 
paper) . From the expression of scalar kinetic term in reference |ll| , one can find the canonically 
normalized scalars $i (i = 1, 2, 3) as 

$1 = x^ln{uvw) , *2 = 4f (—) ' *3 = 4s (-) ■ (4.62) 
V 6 V6 \uw J V2 ^uJ 

Then the mass eigenvalues are given by 

= -2Vc , = ml^ = 4K ■ (4.63) 

These spectra coincide with the result obtained above, where S0(5) invariant scalars descend from 
Tr(Aii) and Tr(i^). 

(6,0,1,1): This case gives the AdS vacua of S0(8) and S0(7, 1) gaugings with the residual gauge 
symmetry S0(6). The 9 tensor and the potential are given by (4.23). Now the formula (4.57) can 
be applied to give 

"^o(i)x2 = 2|Vc| , ™?(20) = -l^cl , n^*(6)(x2) = "^Ki) = 0. (4.64) 



For the U field, equation (4.52) yields 

"^[4,o,o](i5) = > ™[3,i,o](20) = -j\^c\ ■ (4.65) 



(5,1,1,1): We have the AdS critical point of S0(7, 1) gauging with the residual gauge symmetry 
S0(5). The 9 tensor and the potential are given by ( 4.23 ). Using ( 4.57 ) we obtain 



'0(l)(x3) 



*1(14) — "3!^^! , 



"**(5)(x3) — "^*(l)(x3) — ■ 



(4.66) 



From (4.52), the mass eigenvalues for U are given by 



"^[3,l,0,0](lO) — "^[S.O.I^OJCIO) — "^[3,0,0,l](10) 



0, 



m 



[4,0,0,0](5) 



fivj 



(4.67) 
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(II) 0^ — 0. We next turn to study the 9£, = case. 

(i-a) For the S0(4) x S0(2, 2) k T^^ gauging with a residual symmetry S0(4) x S0(2) x S0(2), 
and ^ are given by ( 4.30D and the Minkowski vacua are realized. The mass spectra are given by 



TO, 



0(l,l,l)(x3) 



9 



16s2t2 



"^*(x24) — 



(2,1,1,1) 
(1,2,1,1) 
(1,1,2,1) 
(1,1,1,2) 



(4.68) 



For the pseudoscalars, we have 



'^(l,l.l,l)(x3) ~ 



9 



X < 



: [2,2,0,0] 



[2, 0,2,0] + [2, 0,0, 2], 

(1.2.2.1) = [2,l,l,0](x4) 

(1.2.1.2) = [2,l,0,l](x4) 
(2,1,1,2) = [l,2,0,l](x4) 
(2,1,2,1) = [l,2,l,0](x4) 

(2.2.1.1) = [l,l,2,0](x4) 

(1.1.2.2) = [2,0,l,l](x4) 
(2,2,2,2)+ = [l,l,l,l](x8) 



(4.69) 



The pseudoscalars are all stable, whereas the scalars are unstable unless s = 1. 

(i-6) For the S0(2) x S0(2) k T^o gauging with a residual symmetry S0(2) x S0(2), 9 and £_ are 
given by (4.31) and the Minkowski vacua are realized. The mass spectra are 

1 



and 



''0(l,l)(x2) 



= 0, 



9 In 

mf = 7.9 X 



"^*(x20) — 



^(l,l)(x7) ^ 




x4) 



(1,2)( 



[2, 0, 2](x6) : 

(2, l)(x4) = 
(l,2)(x4) = 



(2,1) 
(1,2) 

(1, l)(x9) 

(2,2), 



[l,2,l](x8) 
[2,1,1](X8) 



(2,2)+g. = [1,1,2]( 



(4.70) 



(4.71) 



xl2) 



Hence these vacua are stable. 



(ii) Hi ^ 2. The AdS vacua are reahzed in this family. Using (4.46), (4.28) and (4.2£) with 
A3 = A4 = Ki = K2 = 0, the mass spectrum of S is given by 



\Vc\ 



E;-^Tr(in + 2^a? 



1=1 



(4.72) 



It is gratifying that this expression accords precisely with (4.57), for which ^ cx 9^^. Aij are always 
massless irrespective of the gaugings. The above equation also confirms that the mass spectrum 
for S is only dependent on n^'s, i.e., the residual gauge symmetry only. The same is true for the U 
field. 
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(7,0,1,0): This corresponds to the S0(7) x gauging with an S0(7) remaining symmetry, where 
9 and ^ are given by ( 4.35| ). We obtain 



ml^D^mi, ™?(27) =-|lK|, ™^(7)=0, (4.73) 



and 

2 
5 



,1,0,1): We have the S0(7) k gauging with an S0(6) remaining symmetry, where 6 and ^ are 



given by ([4. 361) . We obtain 

™o(i)(x2) = 2|Vc| , ™?(20) = -l^cl , rnl(^6)(x2) ^ rnl^i) ^ ^ (4-75) 



and 

1 



[3,1,0](20) — ^ll^cl , "^[4,0,01(15) — • (4.76) 



(6,0,1,1): We have the S0(6) x S0(1, 1) x T^^ gauging with an S0(6) remaining symmetry, where 



6 and ^ are given by (4.37). We obtain 



"^0(1)(X2) = 2|Vc| , ™?(20) = , "l^(6)(^2) = "^*(1) = 0, (4.77) 

for scalars and 

"^[3,l,0](20) = -^l^cl , '^f4,0,0](15) = • (4-78) 

for pseudoscalars. These are the same as (6,1,1,0) type since the residual gauge symmetries are 
equivalent. 

(5,1,1,1): We have the S0(6) x S0(1, 1) x T^-^ gauging with an S0(6) remaining symmetry, where 



9 and ^ are given by ( 4.38| ). We obtain 



and 



™0(1)(X3) = 2|Vc| , W?(14) = , mli^5){x3) ^ ml{i)ix3) ^ ^ ' (4-79) 



2 2 2 2 2 

'^[3,1,0,0](10) = '^[3,0,1,0](10) = "^[3,0,0a](10) = 0' '^[4,0,0,0](5) = ol^c| . (4.80) 



We enumerate the result obtained in this section in table 4.2. Except for the maximally su- 
persymmetric AdS vacua, supersymmetries are broken completely. One can inspect that at the 
nonsupersymmetric AdS vacua, the S field does not respect the Breitenlohner-Freedman bound, 
implying the linear instability of these vacua. For the Minkowski vacua, the mass spectrum for S 
is not necessarily positive, implying the instability. 

5. Concluding remarks 

We have studied the critical points and their mass spectra in maximal gauged supergravity. Al- 
though the maximal supergravity is not entitled to a unified framework for gauge interactions, 
scanning vacua in this theory certainly serves as a foundation for the realistic construction of string 
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Gauging 


Greg A m| mff 


SO(4,4) 


S0(4) X S0(4) dS — 2{xi), 2(xi8), 0(xi6) 2(xi8), l(xi6), — 2(xi) 


SO(5,3) 


S0(5) X S0(3) dS -2(xi), |(xi4)' 4{x5), 0(xi5) 2(x30), -|(x5) 


S0(8) 
S0(7,l) 
S0(7) K T'' 


S0(7) AdS 2(xi), 0(x7) -f{x35) 


S0(8) 
S0(7,l) 
S0(7) IX T'' 

S0(6) X SO(l,l) K T^^ 


S0(6) AdS — l(x20), 2(x2), 0(xi3) *^(xi5)i ~3(x20) 


S0(7,l) 

S0(6) X SO(l,l) K 


S0(5) AdS -|(xi4)' 2{x3), 0{xi8) I{x5)' '^(xso) 


SO(6,2) 


SO(2)* Mink. Eq. ( 


4.5^ 


) Eq. ( 


i.55 


) 


S0(4) X SO(2,2) K T'^ 


SO(2)'* Mink. Eq. ( 


4.6J 


) Eq. ( 


i.69 


) 


S0(2) X SO(2) IK T^" 


SO(2)^ Mink. Eq. ( 


4.7C 


) Eq. ( 


i.7] 


) 



Table 2: Mass spectrum for dyonic gaugings. Except for the Minkowski vacua, mass eigenvalues are 
normalized by the absolute value of cosmological constant. Supersymmetries are completely broken. 



vacua, due to the restrictive property of maximal supergravity. In particular, the result of this 
vacuum search can have significant implications to the construction of inflationary universe models 
on the base of string/M theory, because the maximal gauged supergravity may describe the gravity 
sector very well, including non-perturbative effects in the 10/11-dimensional framework. In addition 
it is also useful for the phenomcnological applications to the condensed matter physics. 

Utilizing the fact that the scalar fields parametrize the homogeneous space, we can analyze 
the 70 scalar mass spectrum at the origin of scalar space as argued in Specializing to 

the gaugings contained in SL(8,]R), we were able to enumerate all the possible vacua. We also 
developed a new formulation which allows us to obtain the analytic expression of mass spectra 
in terms of eigenvalues of the embedding tensor. We established an interesting structure about 
the moduli space of vacua: when the cosmological constant is nonvanishing, the mass spectrum 
is only sensitive to the residual gauge symmetry at the vacua. Namely, the mass spectra for the 
SL(8,R)-type gaugings have to coincide among the different theories as long as their residual gauge 
symmetries are identical. This resolved the issue which remained open in . 

In some cases of dyonic gaugings, we are left with a deformation parameter s. It turns out 
that the mass spectrum is nevertheless insensitive to the parameter s in units of the cosmological 
constant. This means that S0(4, 4) and SO(5,3) dS maxima do not provide sufficient e-foldings 
in the standard potential-driven inflation scenario even in the deformed theory, since the slow-roll 
parameter 77 is of order unity. We can also verify that the fraction of residual supersymmetries is 
not dependent on the deformation parameter, i.e., all vacua except the maximally supersymmctric 
AdS totally break supersymmetries. 

We have also shown that the generic Minkowski vacua found in this paper do not have stable 
mass spectra unless the remaining continuous parameters arc finely tuned. This is consistent with 
the result in psf . 

The obvious next step is to explore the vacuum classifications for gaugings contained in other 
subgroup of £^7(7) , such as i?6(6) ^^nd SU* (8). We beheve that the techniques developed in this paper 
could be used in other frames. It is interesting to see whether the characteristic features exposed 
here are universal, i.e., whether the mass spectrum is insensitive to the deformation parameter and 
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only dependent on the residual gauge symmetry. 

Another possible future work is to work out inflationary models in the maximal theory. As we 
have demonstrated systematically, gaugings contained in the SL(8,R) frame fail to have stable dS 
vacua and the slow-roll condition is never satisfied. Even though a simple hill-top type inflation 
does not work, there remains a possibility for a realization of sufficient inflation around these dS 
saddle points with the aid of other fields. We have 35 scalars and 35 pseudoscalars, which may be 
able to realize quasi-dS phase if flux is turned on appropriately. We will report this issue elsewhere. 
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